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Abstract—Diffusion models have played a crucial role in the
recent advancements in generative image modeling. These mod-
els are characterized by a forward process that incrementally
corrupts images. The modeling objective is to develop a reverse
process capable of reconstructing the original image from de-
graded inputs so that the trained model can then be leveraged
to generate natural images from pure noise. In this work, we
introduce a novel diffusion process that operates in the frequency
domain. Typically, the frequency domain representation of an
image exhibits a sparse structure, with energy predominantly
concentrated in low frequency components. This inherent sparsity
aids us in the effective separation of signal and noise during the
reverse process. We utilize this property to introduce a scale-
dependent noise schedule, offering precise control over various
image scales. Working in the frequency domain allows us to
modify the training protocol, resulting in significant computation
enhancements, achieving a speedup of 2.7-8.5x without a signif-
icant drop in generated image quality, compared to the image
domain models, which operate with fixed noise schedules. Source
code is available at https://github.com/Amir-zsh/FDDM.

I. INTRODUCTION

Generative image modeling has demonstrated impressive
performance in numerous areas, including image generation
[1]-[4], super-resolution [S[], [6], inpainting [6]—[8], image
colorization [6], and medical imaging [9], [10]. Diffusion
models [1]], [11] are a more recent approach to generative
image modeling that have taken over earlier methods, including
generative adversarial networks (GANs) [[12]] and variational
autoencoders (VAEs) [13], by offering superior image quality
[14]. Inspired by non-equilibrium thermodynamics [11]], diffu-
sion models are comprised of two processes: (1) the forward
process, which is a Markovian process that gradually adds noise
to (corrupts) data over a specific number of steps, and (2) the
reverse process which progressively restores natural data points
from noisy inputs. The forward process is simple and tractable,
and training is performed to fit the reverse process, resulting
in a powerful generative model. In this work, we propose the
Frequency Domain Diffusion Model (FDDM).

FDDM is a novel diffusion-based approach for image gen-
eration that maps data between image and frequency domains
using the discrete cosine transform (DCT) [15]. Unlike the
existing works that operate in the image domain, FDDM
performs diffusion-based generative modeling in the frequency
domain. This model is motivated by the fact that many natural
images have a sparse representation in the frequency domain,
which makes it easier to separate signal from noise.

During the forward process, we add noise to the image
in the frequency domain, with the diffusion coefficient being
determined by a novel scale-dependent noise schedule. We
define this schedule using a dispersion relation, which describes
the energy associated with each frequency component. The
dispersion relation determines how quickly information dif-
fuses through the image. The sparsity in the frequency domain
means that most of the energy in an image is concentrated in
a small number of frequency components, while the remaining
components have very low energy (see Fig. [I). With this
sparsity, we separate signal from noise more effectively than
in image space. This is because the noise is spread out across
all frequency components, while the signal is concentrated in
a small number of components (unlike in the image domain).

Another advantage of the FDDM is that it can handle both
large-scale (low frequency) and small-scale (high frequency)
features (components) in an image. By separating these in
the frequency domain, we apply different diffusion coefficients
to each scale. We then leverage ideas from JPEG encoding
[16]-[18] and apply FDDM on patches of images (see Fig. [2),
significantly increasing the training/inference speed (compared
to image domain diffusion), making FDDM suitable for time-
critical applications such as medical imaging where there is a
need for rapid image generation [[19].

Our contributions are two-fold: (1) We introduce a novel
diffusion model, FDDM, that operates in the frequency domain
using a scale-dependent noise schedule. (2) We combine our
process with ideas from JPEG encoding and frequency domain
learning, improving speed in both training and inference,
without a significant drop in generated image quality.

II. BACKGROUND AND RELATED WORKS

A diffusion model gradually introduces random noise into
data using a sequence of Markov chain steps and is then trained
to reverse the process for image generation. Let zo be the data
and x1.7 be a sequence of noisy samples. The forward diffusion
is defined [1] by a Markov process

gz | xp—1) = N(xe; /1 = Bree—1, Bel), )]

where (1.7 denote the noise variance schedule. Under repa-
rameterization, with €,;_; ~ N(0,I) we obtain

2e = /1= Bxi1 + /Bresje—1- (2)
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Fig. 1: Scale-dependent noise schedule in the frequency domain
(top) and the corresponding image domain representation,
without patching, i.e., the whole image is a single patch.
The frequency representation of the original (leftmost) image
exhibits a sparsity, which we leverage in the proposed FDDM.

The diffusion chain is generated auto-regressively such that
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In fact, marginalization to any time step is tractable

q(z¢ | 2o) = N (245 Vauxo, (1 — a)l),

where oy =1 — 3; and @y = Hi:l os. When conditioned on
T, the reverse diffusion is defined by the Markov process

= N(z-1; (e, 20), Bil), )

Q(l“t—l | fuxo)

where we have
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The landmark study [1] demonstrated the capability of
diffusion models to generate high-quality images, sparking
significant interest in this area. Studies pertinent to our work
can be grouped into two main categories: (1) studies aiming
to provide alternative diffusion (corruption) processes to the
standard Gaussian process [20]-[23] and (2) studies that focus
on enhancing the performance of diffusion models [24]-[29].
This work lies at the intersection of the two, as we achieve
performance improvements under the proposed FDDM.

III. PROPOSED FREQUENCY DOMAIN DIFFUSION MODEL

We denote the data in the image space as « and in the
frequency space as @ such that z = F(z) & = = F ().
The inverse frequency transformation 7! maps the data back
to its original domain. In this work, we use the discrete cosine
transformation (DCT) [15]] to ensure that real data maps to real
features. DCT is similar to the Fourier transformation, using
real-valued cosine functions instead of complex exponentials.
It is more suitable for processing real-valued data like images.

Large-scale (small-scale) features correspond to low-
frequency (high-frequency) components in the frequency do-
main. By leveraging this separation, we apply different diffu-
sion coefficients to each scale to improve the denoising per-
formance. In particular, we use momentum coordinates in the
frequency domain and label the components of the transformed
data by their momentum k, defined as k = (kq, ko), where
k1 and ko are wave numbers that coordinate the frequency
domain. Then we apply different diffusion coefficients based
on the location in the frequency domain.
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Fig. 2: Image denoising and corresponding frequency domain
representation for a 8 x 8 patched image. FDDM generates new
samples by gradually denoising in the frequency domain.

A. Forward Diffusion in the Frequency Domain

Unlike in the image domain, as in (]ZD, the forward diffusion
process in FDDM gradually introduces noise from ultraviolet
(UV), i.e., high frequency, to infrared (IR), i.e., low frequency,
in the frequency domain (see Fig. [T, using a stochastic process
g — &1 — --- — & — --- defined by

V1=B: 0@+ VB ® 2,

where we have z; ~ N(0,I) and 3, is a scale-dependent dif-
fusion coefficient that controls how much noise we introduce at
each step. The symbol ® denotes element-wise multiplication.
Alternatively, the same process can be defined using an &
parameter that controls the SNR at each step:

=Va; Oxg + V19— a; Oz, 6)

where we have z ~ N(0, I). We specify the design of &; in
Section [[II-D} where we discuss the proposed scale-dependent
noise schedule. The key idea of this noise schedule is to
gradually add correlated noise to the image from small-scale to
large-scale in the forward process. By controlling the diffusion
coefficient, i.e., SNR, based on locations in the frequency
space, we essentially apply different amounts of smoothing to
different scales and locations in the frequency domain.
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B. Backward Diffusion in the Frequency Domain

The backward diffusion process in FDDM learns to generate
data from IR to UV in the frequency domain, using a noise
prediction model ¢y that takes the noisy frequency features x;
and predicts the clean image in the frequency space &, such
that ¢¢(Z:,t) — 0. By utilizing the predicted clean image,
we can perform the denoising operation. Following [27]], we
define the following relationship between &;_; and &
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The backward diffusion process learns to generate cleaner data
from noisy data in the frequency space by predicting the noise
configuration and using it to recover the clean signal (see
Fig.[2). As in the forward process, in the backward process, we
apply different amounts of smoothing to different scales and
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Fig. 3: The proposed frequency-based forward process. We split YCbCr input image channels into patches and take the DCT
of each patch. Then, we add the scale-dependent noise to each patch in the frequency domain. Finally, we group the DCT
components into output channels, with each channel containing components of the same frequency. We feed these output
channels, i.e., grouped DCT components to the diffusion model during training.

locations in the frequency space by controlling the diffusion
coefficient (or SNR) based on momentum coordinates.

C. Objective Function and Training Approach

The objective function for training the noise prediction
model ¢y in FDDM is

Lo = (@0 — do(@e,t))]%, (9

E E E
xo €D z~N(0,I) t~U(1,...,T)
where D is the training dataset, x( is the image drawn from
the training set, and &; is the noisy frequency data obtained
through the forward diffusion described by (6) given a noise
configuration z. The objective function measures the mean
squared error between the DCT components of the predicted
clean image ¢y(&¢,t) and those of the true clean image &g
over all training images. So, the loss in (9) is computed in
the frequency domain. Similarly, in FDDM, the forward and
backward processes take place in the frequency domain.

We use Adam optimizer [30] to minimize the loss function
in (9) by sampling a mini-batch of training images from D and
computing the gradients with respect to the parameters of the
noise prediction model. Adam updates the parameters using
a learning rate and adjusts the rate for each parameter based
on the first and second moments of the gradients, improving
the optimization’s convergence properties. By updating the
parameters iteratively over many epochs, we learn a noise
prediction model that denoises images in the frequency domain.

D. Proposed Scale-Dependent Noise Schedule

The scale-dependent noise schedule in FDDM is a
momentum-dependent function that controls the amount of
noise introduced at each step of the forward process. We
define it using a dispersion relation e, which gives the energy
associated with a frequency mode of momentum k. We use a

tight-binding dispersion such that €, = — cosmk; — coswks.
In particular, the scale-dependent noise schedule is given by
1
Ot = ; (10)

exp (ek;/#t) +1

where p; is the Fermi level at time ¢, which controls the overall
SNR. The noise schedule varies with momentum k, and can be
packed into a vector &; = [@y k]keBz, Where BZ denotes the
Brillouin zone. The Fermi level p; is expected to decrease with
diffusion time ¢, such that &; decreases from 1 to 0 as more
noise is introduced. This allows for a gradual introduction of
noise from UV to IR in the frequency space. The temperature
parameter 7’ controls how sharp or smooth this transition is,
with lower values of T” leading to sharper transitions. With this
scale-dependent noise schedule, we essentially apply different
amounts of smoothing to different scales and locations in the
frequency space. This allows for effective denoising while
preserving important features in images.

IV. DESCRIPTION OF FDDM

FDDM consists of two algorithms: frequency-based forward
process and sampling, which are given in Algorithms [I] and [2]
respectively. Frequency-based forward process includes pre-
processing, forward process, and training steps.
Frequency-Based Forward Process. We first sample an orig-
inal image from a set D of training images. This sample
image is initially in the RGB format. Following the standard
practice of JPEG encoding [17]], we first convert it to YCbCr
format and split it into patches to obtain enhanced training
and inference speed. We note that this patch-based forward
process is enabled by the FDDM, as it performs diffusion
in the frequency domain. Next, we take the DCT of each
patch separately. We then sample a timestep uniformly for the
image and corrupt this image based on the forward process
defined in (6). In particular, we apply the scale-dependent
noise to each patch independently. Once the noise applied,
we obtain the noisy DCT components for each patch. Final
step of the pre-processing is to group the components from the
same frequency across patches into separate channels. In our
design, this process is performed for a batch of images and
we feed the associated uniformly sampled timestep of each
image of the batch, i.e., noise level, to the neural network,
together with the corrupted (and grouped) DCT components,
i.e., channels. Finally, we take a gradient descent step using the



L2 loss between the actual input image in frequency domain
and the predicted clean image in the frequency domain. This
entire patchifying and forward process pipeline is demonstrated
in Fig. [3 and Algorithm [I] (which does not explicitly state
grouping of the noisy DCT components for ease of exposition).

We let n denote the size of the images, i.e., input images
are of size n x n. Assume the patching operation is performed
with a patch size of d x d. Then, the resulting patchified image
has a total of P = (%)2 patches. We note that this operation
is repeated for each input channel (YCbCr images have 3
channels). In the example in Fig. [3] the image size is n = 6
and the patch size is d = 2. Thus, we have a total of P = 9
patches in each image channel and the resulting tensor is of
size 12 x 3 x 3, where 12 is the number of output channels
and 3 x 3 is the size of each output channel. We note that in
the standard JPEG convention [16], [[17], patches are of size
8 x 8. Also, we note that the patch size directly determines the
number of DCT components we have in each patch which is
d? = 4, as also demonstrated in Fig.

Algorithm 1 Frequency-Based Forward Process

Require: Input distribution D, # of training timesteps 7', patch
size d, image size n

1. P+« (n/d)?

2: repeat

3: xg ~ D

4: t~U(L,...

5: Split ¢ into d x d patches {x{},ci1,.... P}
6: for pc {1,...,P} do
7
8
9

> Total number of patches
,T)

z (—N(O,Id)
g  F(ap)
)~V ozh+ViI-a 0z

10: end for

1 &g« [&), 2, ..., 2] > Concatenate patches
. ~0 ~1 - P
12: Ty < 29, &4, ..., 2 |

13: Take gradient descent step on Vy||Zg — ¢g(Z¢, t)||?
14: until converged

Sampling (Inference). Sampling is essentially the backward
process (denoising). We start by sampling pure noise in the
frequency domain and gradually denoise it using the trained
model, following (7). Algorithm [2] shows the denoising op-
eration, which is also shown in Fig. E} We note that, as in
the forward process, we work on patches in the backward
process. That is, we perform the denoising operation described
by on the grouped DCT components, which are omitted
in Algorithm [2] for ease of exposition. In particular, using the
model prediction at timestep ¢;, ¢g(Z+,,t;), we recover the less
noisy DCT components from the previous timestep ¢;,_;, and
these steps are repeated until timestep ¢1. Once the denoising
is completed, we take the inverse DCT of the patches, combine
the results (unpatch the image), and return the generated image.
Here, t; denotes the inference time steps for ¢ € {1,...,1},
with I being the total number of inference steps. Unlike the
forward process, where the timesteps are consecutive, in the
backward process, we can sparsely sample. That is, ¢; and ¢;_1

Algorithm 2 Sampling (Inference)

Require: Inference time steps {t;}icq1,....1}, total # of infer-
ence steps I, patch size d, image size n, n

1. P+ (n/d)?
2 {&g < N(0,1a)}peqa,... Py
3t &y, [i?l,ﬁcil,...,itl
4: for i = I downto 1 do
5: [5:8,;%}), .. .,ié’] — ¢p(Zy,, t;)
6: if 7 > 1 then
7: forpe {1,...,P} do
8: z <+ N(0,1,)
9: Ot, (77) =
=P
x;
10: zZ= L
11: x| =
12: end for
13: end if
4 &y, &) &L & ]
15: end for

16: {xf fﬁl(d:g)}pe{l....,P}

17: return combined (unpatched) [z, z{,. .., x{]

Fig. 4: Uncurated generated samples on Fashion-MNIST.

are not necessarily consecutive for any ¢ € {1,...,I}. Ideally,
the resulting generated image should look as if it is from the
original dataset.

V. EXPERIMENT RESULTS

The Fermi level yu; is linearly decreasing over time ¢ from
4 to —4. The momentum coordinates in the frequency domain
k = (ki1, ko) take values between 0 and 1 with linear steps,
where the step size is determined by the input image size. For
example, for an image from the CelebA-64 [31] dataset of size
64 x 64, the precision of momentum coordinate increments
is 6—14. By using these momentum coordinates, we effectively
vary the applied noise intensity on the input image. We set the
temperature parameter 7" to 0.5.

In their seminal diffusion work in [1], authors utilize a U-
Net structure based on ResNet blocks. Inspired by [17], we
modify the U-Net structure in [1f] to match the output of our
frequency-based forward process. First, we change the number
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Fig. 5: Uncurated samples on CelebA-64 dataset.

of input channels from 3 (RGB channels) to 3xdxd (number of
frequency channels). Second, we keep the resolution constant
throughout the model. Since the neural network parameters are
shared across time, we use sinusoidal position embedding to
encode time so that the neural network knows at which noise
level it operates during the denoising process. In addition, since
in FDDM the noise is scale-dependent, by inputting the time,
we implicitly feed the noise-scale to the neural network as well.

To report the performance of the proposed FDDM, we per-
form experiments on Fashion-MNIST (resolution 28 x 28)
and CelebA-64 (resolution 64 x 64) [31]]. We configure the
forward and reverse process using n = 1 and 7' = I = 1000.
We use a batch size of 128 and train for a total of 800k
steps. We use the Adam optimizer in training, with the learning
rate set to 2 x 1074, without any sweeping. We carry out the
experiments using NVIDIA A100 40GB.

We first present a set of uncurated samples generated by
FDDM, using Fashion-MNIST with patch size d = 7 in Fig. ]
demonstrating its image generation capabilities in the frequency
domain. Next, we consider a more realistic CelebA-64 dataset
and present the curated and uncurated generated samples in
Figs. [5] and [6] for d = 4. Steps of the image denoising process
and the corresponding frequency domain representation are
as in Fig. [2] showcasing denoising in UV and IR parts as a
function of timesteps. Overall, these results for both datasets
demonstrate that the proposed FDDM successfully generates
compelling images.

Next, we compare the performance of FDDM with the
seminal image domain diffusion approach of [1] named DDPM,
as the FDDM architecture is based on DDPM and our goal is to
offer a performance-utility trade-off for this design. For com-
parisons, we use MACs (Multiply-accumulate operations) [24],
number of inference steps per second, and Fréchet Inception
Distance (FID) [33] as our metrics. FID measures the similarity
between two sets of images and is shown the correlate with
human judgement. In general, a low FID score indicates a good
generated sample quality.

First, we take a look at the number of inference steps per
second and MACs of the two schemes. Results in Table [l show
that inference in our proposed FDDM is significantly faster
than DDPM (around 2.7 to 8.5x faster). This is attributed to
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Fig. 6: Curated samples on CelebA-64 dataset.

our method of patching and forming frequency-based channels
(as explained in section [IV), which effectively reduces the
computations in the U-Net. The performance enhancement
is evident from the MACs column (lower the better) in Ta-
ble[[} demonstrating that our model requires significantly fewer
MAC:s to generate 128 samples.

We compute the FID scores for the CelebA-64 dataset using
200000 samples and show the results in Table [l As expected,
our FID scores are higher than the baseline, considering our
faster and more time-efficient design. These results indicate
a possible trade-off between the sample quality and training
runtime efficiency. One observation is that lower FID scores
around 3 are achieved when the finer details of the images are
present. This means that our FID score around 18 does not
mean 6Xx worse images, and in fact the images generated by
the proposed FDDM may be suitable for certain downstream
tasks, for which finer details are not as critical. For example, the
images we generate in Fig. [f] can be part of a synthetic dataset
for training a classifier model that groups people according to
their certain physical characteristics, e.g., hair color, glasses vs
no glasses, and so on). For this task, finer details such as the
background objects may not be as critical.

Model MACs (G) |  # inference steps/s T FID score |
DDPM 1] 3099 5.344 3.26
Ours (4x4 patch) 1781 14.655 18.17
Ours (8x8 patch) 449 45.76 20.65

TABLE I: Performance comparison of the proposed FDDM
with DDPM [I]] for 7" = I = 1000 on CelebA-64.

VI. CONCLUSION

We propose the Frequency Domain Diffusion Model
(FDDM) as an alternative to image domain diffusion models.
FDDM leverages the natural separation of components in the
frequency domain and utilizes a scale-dependent noise schedule
to intelligently add/remove noise during the diffusion process
for efficient image generation. Combined with a JPEG-inspired
design, FDDM achieves a computational speedup of 2.7—8.5x,
with a modest impact on image quality.
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